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1. INTRODUCTION

Morau-Yosida approximation plays an important role in optimization, because of it's important properties in related of
minimization problems.

Many researches contributed to the development of this concept and studying the basic properties of Moreau-Yosida
function on lower semi continous convex functions [5,6]. Among many beautiful and important properties of Moreau-
Yosida approximation that it is allows us to study nonsmooth functions and turning it into a smooth functions wich have
analytical properties to resolve the problem at hand or to identify more than a set of properties.

Studying of Morau-Y osida approximates of colsed convex function falls under the frame work in the study of the stshility
of the solution for optimization problems, wich has implications in model formulation, optimality characterizations,
approximation theory. But one of the reasons that there are essentially no global results is that ther did not seem to exist a
good metric, i.e. , one with the appropriate theoretical properties and reasonably easy to compute, that could be used to
measure the distance between two optimization problems.

The main propose of this article is to study and generalized some properties of Moreau-Yosida function with two
variables of convex-concave functions and studying convergence according to concept of Mosco epi/hypo graphical and
p — Housdoroff distance (epi/hypo distance) for a sequence of convex-concave functions and a sequence of Moreau-
Yosida corresponding it wich was studied by many researches in Hilbert spaces, and generalized this results in reflixive
Banach spaces. This paper is organized as follows. In section 1, we show notations, definitions and some results in
convex analysis. In section 2, we show notations and definitions in convex-concave analysis that we use it in our article.

In section 3, we give the premier main results wich include : in theorem 3.1 assume that K (uo,.) <a, ||.—V0|| +a
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2 . . . . .
and K (.,VO) 2 -, ||u0 —|| —a, forsome a; >0 and @, 21 then K  is a continuous locally Lipschitz function

in X XY and is finit valued for all 9 < < 1 and O< < % . In theorem 3.2 we show that ther is equivalent
4a, a,

between convergence a sequence of convex-concave functions and a sequence of Moreau-Yosida functions corresponding

it according to the concept of Mosco in reflixive Banach spaces. In theorems 3.4 and 3.5 we studying the relationship
between the epi/hypo distance and Moreau-Yosida distane wich was introduced by Attouh and Wets [4] but for convex-

concave functions. Finally we proved that |im Hp(L"

i)
n—o An

|_M)=o iff L" —Y=™ 5| by using support functions for
nonempty convex sets epiFi (epigraphical parent function for Moreau-Yosida function LM) in reflixive Banach

spaces.

2. NOTATIONS AND DEFINITIONS IN CONVEX ANALYSIS

Let (X ,|||| )be a normed linear space and (X ,||||) its dual, the duality pairing between X" € X* and Xe€ X is
denoted by (X, X" ),andlet f : X — R of the real valued extension function defined on X , we well denote the set

_X -
of the real valued extended functions defined on X by R .Forafunction f e R” the set:
epif ={(x, ) eXxR/f(x)<2a}

is called the epigraph of f , and f is called convex lower semicontinuous if its epigraph is a convex (closed) subset of
X x R . Furthermore, f is called proper if its epigraph nonempty, or if its domain is nonempty

domf ={x e X /f(x) <+ o} #¢
I"(X') well denote the proper, lower semi continuous convex functions defined on X

e For fel'(X),its conjugate f"eI'"(X") is defined by the familiar formula :
f (x) :sup{<x,x* > —f (x )} UxTeXt
X eX
e Moreau-Yosida approximation of f of parameter A where A > 0 is defined by :

ueX
These approximate play an important role in the analysis of variational limit problem, basically bacause a sequence of
functions {f "X —>]—oo,+oo],n :1,...} epi-convergence(with respect to the strong topology of X ) to the lower

semicontinuous function f if anf only if

f =suplimsupf ) =supliminff

2150 n—o 21>0 n—oo

o Let {f "X —>§,n eN } be a sequence of functions. We say that T is the Mosco-epi-limit of this sequence, if for

all X in X :

w

i) V(x,)._ 1%, —x : f(x)<liminf f (x,)

i) 3, 160 >¢ :F (£) 2 limsupt, (£,)
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Then we can write f = Mosco —epilim f_or f —%— f where S (W) strong(resp.weak) tobology on X
n

e Let X be normed linear space and { f,g:X >R } two functions in X then forall p>0, A >0 we can

define Moreau —Yosida distance between two proper functions f , g :

d,,(f,9)=sup|f,(x)-g,(x)

Ixl<p
e o —Housdoroff distanceson X [3,4,5]
Foreach p>0, pB denotes the closed ball of radius p ;and for any subset C of X , we define C by:
C,:=CnpB
For any pair C and D of subsets of X , the Housdoroff excess of C over D is defined by :
haus,(D,C) = Sup{e(C,, D) ; e(D,, C) |
Where e(C ,D) = su?d (x,D) ; (e(C,D)=0if C=p)

and for all p > 0, the p — Housdoroff distances between C and D is defined by :

haus,(D,C) = Sup{e(C,, D) ; e(D,, C) |

A sequence of sub sets (D, )., of X, is said to converge with respect to the o — Housdoroff distances to some
D iff forall p>0,

lim haus, (D, , D) = 0

n—o

e p —Housdoroff distances on R [5]

Forall p>0,the p —Housdoroff distances between two functions f , g eR is defined by :
H_ (f,g) = haus (epi f , epi g)
where epi f and epi g are two subsets of X x R, and the ball of X x R is the set:
PBy . = {(X,a) e XxR / ||x|| < p, |a|£p}
A sequence of functions (f, ), of R" , is said to converge with respect to the p —Housdoroff distances to

some f iff forall p>0,
lim Hp(fn,f) =0

n— oo
The concept o — Housdoroff distances is also called the p - epigraphical distance
Proposition 1.1 [8]
Suppose X be a reflixive Banach space and{ fn ,f;ne N } be a sequence of functions in I"(X) .Then for all
p=0if lim h (f,,f)=0 then f —f
n—w
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Proposition 1.2 [5]

Suppose C and D are nonempty subsets of Banach space X with norm || : || such that haus (D ,C) is finite. Then

haus , (C,D ) =sup[dist (x ,C )—dist (x,D)|

x eX

Proposition 1.3 [5]

Suppose C and D are nonempty closed convex subsets of reflixive Banach space X with norm || . || such that

haus ,(D ,C) isfinite. Then

haus ,(C,D)=sup
i<t

Y (v) -5 (v)

3. NOTATIONS AND DEFINITIONS IN CONVEX-CONCAVE ANALYSIS

Let X ,Y ,X "Y " be linear spaces such that X (resp.Y ) is in separate
duality with X~ (resp. Y ") via pairings denoted by (., .} .
Let us consider L 1 X xY " —>R , wich is convex in the X variable and concave in the y variable and we define :
F:X xY " >R
G:X 'x¥Y >R
By
F(x,y*):qup{L(x,y)+<y,y*>}
ye
G (x ,y):iQI{L(x,y)—<x,x >}

F (resp. G ) is the convex(resp.concave) parent of the convex-concave function L . A function L is said to be closed if

it's parents are conjugate each otherie. F =—-G and -G =F

For closed convex-concave function L the associated equivalence class is an interval denoted by [I__, [] with

L(xy)= S*ug{G(X*, yh<y,y >}
) o) <]

If we denote by F(X xY ) the class of all convex |.s.c functions defined on X xY with values in R
Mosco-epi/hypo-convergenc [3] :
Let X and Y be reflixive Banach spaces and {Ln,L X XY T —>§} a collection of convex-concave bivariate

functions, we say that L" Mosco-epi/hypo-convergence to L if :
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i) V(x,y)eX xY vy, ——y,3x,——x: limsupL, (X, y,)<L(x,y)
i) V(x,y)eX xY ,Vx,——x,3y, ——y : liminfL (x,,y,)=L(x,y)

Moreau-Yosida approximate of closed concex-concave function [3] :

Let X and Y be reflixive Banach spaces and L : X xY " 3R closed convex-concave function, for all A >0 ,
u>0

. 1 1
Lw(x,y)::lrulfSlVJp{L(u,v)+§||x —u||2—z||y -V ||2,u eXyveY} (@

LM is called Moreau-Yosida approximation of idex A, 2 of L, this function has a unique saddle point (Xw’ yM)

characterized by

X_XA, \ y,1,
e

And the first drivative is defined by :

X =X Y-y
N CMEE

Moreau-yosida monotone is represented by :

X=X, Y-y

Moreau-Yosida distance function [3] :

Let us consider {L, K:XxY — ﬁ} two convex-concave cloced functions forall A >0, #>0 and p >0, then

Moreau-Yosida distance between L and K is defuned by :

dl,,u,p(K’ L): Sup‘Kl,y(X’ y)_ Ll,y(x’ y]

X|<p
yl<p

A sequence of convex-concave functions (K, ), _ of X xY , issaid to converge with respect to the Moreau-Ysida

distance to K iff forall p>0,and 2 >0, >0

lim d

n—o

K, K)=0

A, p (

—_—XxY
© — Housdorff distances on R [3]:

—XxY
Forall p>0,the p —Housdorff distances between two functions L,K €R is defined by :
H, (LK) =nh(F,®) @

Where F and @ are parents convex functions for convex-concave functions L and K .
Page | 23
Novelty Journals




- - Novelty Journals

International Journal of Novel Research in Physics Chemistry & Mathematics

ISSN 2394-9651

Vol. 4, Issue 3, pp: (19-35), Month: September - December 2017, Available at: www.noveltyjournals.com

A sequence of functions (L, ), .y

tosome f iff forall p>0,

lim H (K, ,K) =0

n—w

Proposition 2.1 [12] :

—XxY
of R , is said to converge with respect to the p —Housdoroff distances

Let X and Y be reflixive Banach spaces and {L”,L X xY T —)ﬁ} a collection of closed convex-concave

bivariate functions, F (resp. F") is the convex parents functions of the convex-concave functions L (resp. L"), then

the folloeing statements are equivalent:
i) F"—Y>F
il) Ln M-e/h L
i) L,y )L, (y)

4., THE MAIN RESULTS
Theorem 3.1 :

Suppose X and Y are two normed linear space and K : X xY — R is a proper function with two variables, suppose

there is (Ug,V,)e X xY , ey >0 and a, >1 such that
K(uo,.)£a0||.—vo||2+a1 (4)

K (V)= —auo—| ~ )

1 1
Forall 0< A <—— and O < 1 <—— then:

a, 4a,
1- K, , isafinit valued
2- K, islocally Lipschitz, i.e.

HKMI (le Y1)_ K. (X2: Y, )” < C(“X1 - Xz” + ||y1 - yz”)

Where C the constant Lipschitz.

Proof :

1- From definition of K,  in (2) we can write
ol y) =i sup K(0) ol =y
A ueX vey 2/1 2/1
<supta v —vol +o=fx —ugff |y v +a
B ver 0 0 2], 0 2;“ 1

By using |v o[ < (Jv =y [ +y ~vo[F) then wefing
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1 1
o) zsinl o=y +Lly-wft o 2wl - Ly}

1
Hence for all 0 < gz <—— then we can write
4a,

Q, a, 1 Q,
Kool y) =g oo+l s -y
1
Ko (X’Y)Sgllx _UOHZ +%”y _V0||2 +a, (6)

1
On the other hand, for all 0 < 4 < —— we can prove in the same way that
20

1
Kouxoy) =2l Vol =2k~ (7)

From (6) and (7) we can find that K,  is a finit valued

2- In the begening we will prove that the application y — KM(X, y) is locally Lipschitz, for this reason we will

choosing A and 4 in the too little values such
that K, ,(.,.) is afinit valued.

Let yeY and £ >0 thereis v, =V_(, 1, X) such that

K, (x, y)anI{ (u,v, +—||x ulf } K,.(xy)-¢ @®
From (7) , (8) and for u = u, this yields

K (ug,Vv,) ||x u0|| -

&

2oy vl =Rl e (9) e

K(u,.) < a0||. —v0||2 + a; we have

2 1 2 1
|V, =V, +“1+ﬂ||x U _Z”y

ZS%QS

—Vo||2—%llx —uy|’~a,  (10) by using

2) then we find

<%

Ty vl

vl <2,

This yields

1 « a a 1 1
R T R A e A I e

1 1 1
(ﬂ+—J||x Wi +(Z+_]||y W +2al+g>£ﬂ——J||y—
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o 2 e | o Ay v ()se e

all 'y thenitstrue forall y =Y, and Y =Y, then we can write

||y _Vg

2

. 1 2 1 2 1 2 1
Kb K ) o el b =l = -,
171
A A
We use the convexity of t — %tz on R™ and the subgradiant to obtain

X“yl - yzn)

1
Ko (Xy,)—K,, (X’y1)£g+;(”y1_y2”+”y2 —Vg||)(||y1—yz||) (12)

’ < (HY1 - y2||+||y2 -V,

1 1
E(“yl ~Yo| + [y, —v, )2 _Enyz =V,

From (11), (12) and let € — 0. This yields

K, (X,y,)=K, . (x,y,) SCyz-l‘_lnyz -y, (13)
Where

2 A 1 2
Gy =l | 2o e 4 o oo F sy

l1-¢, 1-poy

Is a constant that depends only on ||y2 - y1||, ||X—u0|| AL ML a oy, ||y2 —V0||

Interchanging the role of Y, and Y,, we obtain a similar inequality with a constant Cyl . Setting C, = maX(Cyl , Cyz)
yields the inequality

1
K, (% y,) =K, (% v, ) < ;ClHyz -y aa

By using (15),(16) and in the similar way we can prove that X — KM: (X, y) is locally Lipschitz and it follows

1
|KM¢ (Xz’y )_Kﬂ,u (Xl’ y )| SECZHXZ _X1” (15)

Where C, = maX{Cxl,CXZ} and

1

2
C, = ||X1 - X2|| + {% (20{1 + g)+ %(%]”y _\/O”2 + (%)”x - uonz} from (13) and (14)

we find

‘K/l,y(xll Y1)_ K/'t,,u(XZ’ sz = ‘Ki,,u(xﬂ yl)_ K/I,,u(xﬂ yz)""‘K/l,y(le yz)_ K/'{,;J(X27 yz}
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< C(Hyl =Yy + % - Xx”)

Where C = maxs — C, C— n
2u’ 22

Proposition 3.2 :

Let X andY be reflixive Banach spaces and {K "KIX XY T ﬁ} a collection of closed convex-concave

bivariate functions, then the following statements are equivalent
i) K M-e/h K
i) imK],(x,y)=K,,(xy) iV 4,u>0;V(x,y)e X xY
n—o ! !

Proof :

suppose L(x,y)=K(u, v)+—||u X|* ——||v y[i)=ii)

L (x,y)=K"(u, V)+—||UI e

o
2u
The sequence {Ln, L: XxY —> ﬁ} is closed convex-concave functions
We will prove that L — Meelh L, and for this reason we will prove Mosco-epi/hypo-conditions :

1)-for (X,y)e X xY and for any Y,,— Y thereexist X, ,——>X such that

IimsupL( y,yw) L(x,y)

N—o0

2)-for (X,y)e X xY and for all X, ——> X there exist Y, ,——>Y such that
liminf L,(x, ,,y,,)> L(x )

Lets prove the first condition for that we will take sup for L (X , yM), then we have
v
sup L (x y ):sup K"(u V)+i||X—U||2 —iHy —sz
v 24 2p
SSUp{_ (u,v)- Hyw v }+—||x ulf
\

T . 1 1
SSUp{I[l]*f{F (u,y )—<y AY >}_ZHy“ _VHZ}+E||X —u||2

v

: n . . 1 1
SS[\;IpI?*f{F (u,y )—<y Y >—Zuym—vuz}+ﬂ”x —u||2

<inf {F" (u,y*)+Slep{< y*v >—i”ym —v Hz}}+%”x —u||2

y
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)

limsupL, (x,yllﬂ)gliﬁn;inf{F”(x,y*)—<y,y*>}

Suppose Z =Yy , ,—V and X=U, and by using (1)

StVJan (x,yiyﬂ)si?*f{F"(X,y*)—<y*1ym >+§Hy*

let £ — 0 and N —> o0 This yields :

sinf{limF”(x,y*)—<y,y*>}:E(x,y)
and this true for all yM—W—>y and for X :XM—S>X this yields
limsupL, (XmYau)<L(X,y)

Now Lets prove the second condition for that we will take irlf for L, (XM, y ),then we have
. : n 1 1
inf L, (X, y)= |r3f{K (u,v)+ﬂuxm _UHZ _Z”y_vnz}
, n 1 2 1
2|rl1]f{ﬁ (u,v)+ﬁuxm—uu }—Z”y—vn2
i n(y* . 1 1
2|rl]f{si{p{G (x ,v)+<x X >}+5HXM _UHZ}_ZHV —v||2

ZSi{p{G "(x v )+iru1f {<x*,x >+%HXM —uuz}}—i”y =i

Suppose Z =X, ,—U andy =V, and by using (1)
2}

liminfL, (x,,.y)> Iimsup{Gn (x7,y )+<x"x >}

n—oo n—ow

>sup{G (X", )+ <x"x,, > =L (x,,.¥)

*

inf L, (xl’#,y)ZSiJ*p{G”(x*,v)+<x*,xw >—%‘x

let A — 0 and N —> o0 This yields :

and this true forallX :X , ,——>X andfor y 1y, ,——Y thisyields

limsupL, (XY, )<L(x,y)
Conditions of convergence achieved,(see Aze [2, Theorem 2.5]) we find that the point (XM, yw) is convergence to the

point (X, y) wich form a single saddle point for the function L, forany L, € [I__n , [n] and L € [I__, I__] this yields

L, (Xz,ﬂ’yz,y)WL(X’Y) forall X, ,——X and y |y, ,——>Y wich mean
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e 2 ool = Ly || k) el =y
By taking inf sup we find the convergence is true K,.(x,y)=limK" (x M,yw)
i )= i)

let's consider the augmented Lagrangians ://”(u)= K;(u, y*) and z//(u)z K(u, y*), from proposition 2.1 we know
that

vy e KLy )oK Ly

The Moreau-yosida approximation i/, (X ) for A >0 isdefined by

n s n 1 2
0=l @)+ -l

The augmented Lagrangians for function K" is defined by

K3l)= s Ko )5y

)
2 1 2
b e}

e k)

Wich mean that

n . N
m(X)ZLQQ{;Iin{K(u,U )—Z\y -1

M

y -1

= inf SUQ{K(U,U*)—i‘

UEA ey
Let N —> 00, we derive that ii ):> i ) n
Proposition 3.3 :

Let X and Y are two normed linear space and L,K : X xY — R are convex-concave proper functions, then for

(Up,Vo)e X xY , ;>0 and o, €R such that
L (Ug,.) S |~V +e

L (Vo) 2 —ayuo— I — e

For all O</1<i and 0<,u<i, A>0, u>0
4da, 4a,

Then H,(L,,.K,,)<H, (LK)

Where the constant y , that depends on p

Proof:

L

iy and KM are Moreau-Yosida approximates of index A,z of L and K respectively, F,and @, are convex
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parent functions of L, ~and K,  resp.

F and © are convex and proper functions, implies that epiF # ¢ and epi ® # ¢

Tohave h, (F,®) <7 means that (epiF )ﬂ < 17(epi @) where

nD = {X Id (x, D)Sn} is the 77 — fattening of D . By adding epi %””2 it follows
(epiF) +epi i||||2 c n(epi CI>)+epi i||||2 , and this inclusion with
p 24 24
. .1 . . .1 .
epi @ +epi 3””2 cepi @, yields (eplF)ﬁ +epi ﬂ””2 cn(epi®,)

i . (1 .
Since epi F, =epi F +epi, (gj””z where epi F is the strict epigraph of F , is defined by

epi F = {(X a)|F(x)< a} .wich mean that

(epiSFl +epi, %anjp < (epiF )ﬁ +epi %””2 = (episFﬂ +epi %anj cn(epid,)

P

= e((epiSFA)p +epi ch)p <n

Forall £ >0 andforall h,(F,®) <7 this yields e((episFl ),H +epi @, )p <n+e¢
The asserted inequality H o (Lm' Kw) <H, (L,K) now follows from the fact that Lw is locally Lipschitz and
L,K are summetric roles Thismean h (F,,®,)<n+¢. Let & — oo we drive that Hp(LM,KM)Sn .

Modified Kenmochi conditions :

The Kenmochi conditions provid a partical criterion for computing, or at least estimating, the epi-distance between two
functions

We have modified the conditions to fit our search for estimating the epi/hypo-distance on convex-concave functions

Suppose K, L are proper closed convex-concave functions defined on X XY | for some a,>0and o, €R , and for

all (uo,vo)e X xY such that
L (Ug,.) S @ |-~V +a,
L(.Vo)2—alu, |~
L, , and K, , are Moreau-Yosida approximates of index 4,z of L and K
respectively, F, and @, are convex parent functions of L, , and K, , resp.
F and ® are convex and proper functions, implies that epiF # ¢ and epi ® # ¢
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Then the folloewing conditions to be called the modified Kenmochi conditions:

(a) Forall p> pg and (X,,y,)eX xY such that |K (xl,yl)|Spand L(x,y,)<p

For every & >0 there is exists (X ”) y2) e X xY that satisfies :

=%+ —y.[< Hp(Lm’Kﬂ,ﬂ)J“g
Ko (X2 ¥2) <L, (xuyy)+H (LK, )+e

(b) For all p> p, >0 there exists a constant 77( ) € R, depending on o, such that for all ‘L (X4, yl)‘ < p and

||X1|| <p, ||yl|| < p there is exists (XZ, y2) e X xY that satisfies:
[}: =%+ ]ly:=y.[ <7 (p)
Kou (X2, ¥2) <L, (X, y.)+n(p)
This mean that to compute H (Lw’ KM) we have to find the best constant n(p)and in the symmetric cindition ,
then with p, = p+ a0p2 +|al| this satisfies
Hp(Lﬂ,#' Kﬂvﬂ)sn(pl)
Proposition 3.4 :

Suppose X and Y are two normed linear space and L,K : X XY —>§ is a proper function with two variables,

suppose there is (uo,vo)e XxY , @, 20 and @; 21 such that
K (ug,.) < g ||.—V0||2 +ao

K (Vo) —at o~ —au
1 1
For all O</1<4— , O<u<4— and p>0 then:

Q Q,

d,,,(K\L)<B(Aup)H (LM, KM)

Proof:

The functions L, , and K, = are finit values, and locally Lipschtiz. This can be to conclude that whenever

H(Xl, yl)H < p and H(XZ, yz)H <p,both K, (x,y)and L, ,(x,y) arebounded in absolute value by o’

|

Where C | Lipschtiz constant. Setting p; = max[p, p'], and let us estimate K,  (x;,y;)—L, ,(X;,y,) by using

1 1
K, . (UO’VO)JFEC'DIP_ZCPIP

1 1
L. (uo,vo)+§Cp.p—ZCp.p

p’ZmaX{

the modified Kenmochi conditions, for all &€ >0 there exist (X Y 2) such that
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||X1_X2||+||y1_y2||£le(LA,u'Km)“'g
Ko, (Xo0Y,) <L, (xuyy)+H, (LK, )+e

Kow (X0 ¥) =L, (X0 Y1) =K, (XY ) =Ko (X0, y )+ K (%00 Y ) =L (X0 Y))
<C (”X1_X2”+”y1_y2”)+le(Lz,le,ﬂ)ﬂLg

<(C+DH, (L,,.K,,)+(C+1).e

A

Let £ > 0and S :=C +1 where C is constant depending only on A, ¢ is defined by C :% , _Zicp +1.
2 /,l 2

where C , - Lipschtiz constantand p, == p+H , (LM,KM)+1
d,,,(LK)=sup|L, (x,y)-K,, (x,y)<BH, (LK)

=d,,,(LLK)<BH (L,,.K, )=
Proposition 3.5 :

Suppose X and Y are two normed linear space and L,K : X xY >R isa proper function with two variables, F
(resp. @ ) is the convex parent of the convex-concave function L (resp. K ) such that epiF # ¢ and epi O # @

for 1>0 , p>0 ,u:% then

H,(L,,.K,,)<d,, (Lk)

Proof:
From definition of Moreau-Y osida distance for convex-concave functions and their parent convex functions we can write

d, (F,®)=d,, (K,L) and d,, (F.® SUp‘F (x,y")-@,(x,y")

y \

<p

Foe all 1>0 , p>0 ,ﬂ:% then Kl (x,y ) is convex-concave function and F, (X ,/ly) is parent convex

Py

function such that

_ . LA 2 .
K (x.y)=F(x.iv)-Z] .v =4

it ®,(x,y")<n ,[x]|<p then F, (X,y')—d , (F,®) <7, this implies that

(7+d,,(F.®),(x,y")) eepiF,
e((epi,), (eplF ))sd (F,®)
:hp(FA’q)l):Hp(Kl,y’ ) ( ) AM(K’L) "

© — Housdorff distances and support functions:

Many reaserchs have been studing the relationship between indicator and support functions and o — Housdorff distance
for covex functions.

The conjugate of the indicator function ¥y of a set S s the support function of S denoted by ‘P; (V ) i.e
Wi (v)=sup{(v,x)|x €S}
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epiF and epi @ are nonempty convex subsets of reflixive Banach spaces X and Y , the Hausdorff distance between
epiF and epi @ is given by

haus , (epiF ,epi @) = sup[ sup dist (x,epiF ), sup dist (x ,epicb)} (16)
X eepi @ x eepiF

Where dist (x ,epiF )= inf [x —y/||

y eepiF

2 .
F, is a finit valued F, (X ,.) < 2q, ||X —|| + ¢, and is locally Lipschitz, epiF; is epigraph of F, and it's convex
closed set. As with the distance function d 1., 9enerated by the Moreau-Yosida approximates we can define a
Hausdorff metric on the spaces of closed convex sets €piF, . It's mean that we can build a distance functon on the space

of proper lower semicontinuous convex function F, . We can write support function for epiF, in the form
Yoe (V. B)=sup[ v X )+a.BIF,(x..)<a] ; a=2a,|x - +a
o ;B0
=isup{v,x) ;pB=0
sup[ (v, x)=(=B)F (x,)] ;pB<0

In other formulation we can write (16) according to convex parent functions :

haus , (epiF, epi @, ) := inf {6” sup dist (x,epiF, )<, sup dist (x,epi CDJ)SQ}

X eepi @, x eepiF,
Where
sup dist (x,epiF,) = sup sup‘<x V> (v ,3)‘
Xeepi®, xeepi @ v [.<1
=sup| sup <V,X > ‘I’ep,F( ,3)‘
I ].<1|x cepi,
_iup‘qjeplfb IB)_IP;)":;, (V'ﬂ)‘

Wich mean that haus , (epiF,.epi @, ) iup‘\yepm IB)_\PZpi o, (v ,,B)‘

This yields
H,(L..K,,)=h,(F,®,)=haus  (epiF,epi ®,)

:iup‘\PeplF ﬂ)_\P:piq% (V’ﬂ)‘

17

Proposition 3.6 :

Let X and Y be reflixive Banach spaces and {Ln L X xY > ﬁ} a collection of closed convex-concave bivariate
functions.
Forall A>0 , x>0 and p >0, the following statements are equivalent :
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i ) Hp(LE,#’LL#)n—w)O

N
i) L), —5—La

Where L, , L' , are Moreau-Yosida approximates of index A, 4 of L ,L"

A
respectively, F," and F, are convex parent functions of L} , and L, , resp.
Proof:

i )3 I ) Simply use Propositions 1.1 and 2.1 and relation between H | (L:ﬂ : Lﬂ,y) and h_ (Fln : FA) we derive that

limL" u (X Y ) =L, (x Y ) ,because of L, LS .. are locally continues Lipschitz [18] on bouded sets
n—oo ’ ! ! !

M —e/h L

i ):> i )since Lgyﬂ ———L,, then L"——==—L (proposition 3.2) this mean that F" M SF

. M .
(proposition 3.2) and F,;' ——— F, where :

Fo(y ) =supiL, (o )+ (y oy 7)) and B2 (x0y ") = sup{L, (v )+ (v y )}

Ynef

- . * _ n -
By taking limit to TepiF; (V B) —Sup[<v ,Xn>+a.ﬂ| F (x,.)< a} when N —> o0, and since the convergence
according to the Mosco concept is true, this mean that there is a sequence X, strongly converget to X i.e

(v, X, )———>{v,X ), this yields

n—oo
* *

\PepiFl" n—oo \Pep”ﬁ

and from (17) we derive that H | (L”

/1,;47L/1,y) n—c >Om
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